A comparison between the single particle spectrum of the discrete Bardeen-Cooper-Schrieffer (BCS) model, used for small superconducting grains, and the spectrum of a paradigmatic model of Single Excitation Superradiance is presented. Specifically, we study analytically the conditions under which a gapped state emerges in an equally spaced energy spectrum (Picket Fence) due to two different all-to-all couplings: a real and an imaginary one. While the former corresponds to the discrete BCS-model describing the coupling of Cooper pairs in momentum space and it induces a Superconductive regime, the latter describes the coupling of single particle energy levels to a common decay channel and it induces a Superradiant transition. We show that the transition to a Superradiant regime can be connected to the emergence of an imaginary energy gap, similarly to the transition to a Superconductive regime where a real energy gap emerges. The critical coupling at which the Superradiant gap appears is found to be independent of the system size N , in contrast with the critical coupling at which the Superconductivity gap appears, which scales as (ln N ) −1 . The Superradiant and the Superconducting gaps are shown to have the same magnitude in the large gap limit. Robustness to perturbations is shown to occur even in presence of a gap in the imaginary energy axis.
I. INTRODUCTION
Cooperative effects, which are at the basis of emergent properties [1] , are at the center of research investigations in a vast variety of fields: emergent properties in highly correlated materials [2] , cooperative emission in superconducting qubits [3] , Superradiance in cold atomic clouds [4] , cooperative shielding in long range interacting systems [5] , collective excitations in semiconductors [6] , plasmonic Dicke effect [7] , biophysical systems [8, 9] and proposal of quantum devices which exploits cooperative effects [10] . Despite the great importance of emergent properties, a general unifying framework and a full understanding of cooperative effects have not been found yet. One of the most interesting properties of cooperative effects is their robustness to the noise induced by external environments. A well known example is Superconductivity, but other quantum emergent effects, such as Single Excitation Superradiance (SES), have also been shown to be robust to noise [11, 12] . This suggests that emergent properties could play an essential role in the successful development of scalable quantum devices able to operate at room temperature. Since cooperative effects represent a common mechanism to all these emergent phenomena, we believe that finding links between different cooperative effects will be fundamental to progress our understanding of emergence. As was suggested by U. Fano [13] a common mechanism underlies several collective phenomena, such as Superconductivity, plasmon excitation and giant resonances in nuclei. In particular a possible connection between Superradiance and Superconductivity has been discussed by M. Scully [14] .
Here we perform a comparison between Superconduc- tivity and SES. We show that in both cases we have the emergence of a "gap" in the energy spectrum. Superradiance is usually referred to the case of many excitations in an ensemble of N two level systems and to the existence of states which decay proportional to N 2 . On the other hand SES refers to the possibility that a single excitation coherently shared by N two level systems, can decay with a rate proportional to N , an effect defined as the Super of Superradiance in Ref. [15] due to the fact that SES involves a fully entangled state.
Specifically, we analyze a paradigmatic model of SES, which has been studied in [16] , see Fig. 1 . In such model, the single excitation energy levels are assumed equally spaced and connected to a single decay channel in the continuum. Due to the fact that the system is open and the excitation can be lost in the common decay channel, the eigenvalues of the system are complex. When the resonances overlap, a Superradiance transition occurs: a Superradiant state acquires most of the decay width of the system, while the other N − 1 subradiant states decrease their own widths on increasing the coupling strength with the common decay channel. In the limit of large coupling to the continuum only the Superradiant state can decay. Here we show that the Superradiance transition is connected with the emergence of an imaginary energy gap between the complex eigenvalues of the system. Our aim is to investigate and compare the energy gaps arising in such paradigmatic model of Superradiance [16, 17] with the well-known energy gap present in a model of Superconductivity (the discrete BCS model [18, 19] ).
The discrete BCS model is widely used to analyze Superconductivity in small metallic grains and it is very similar to the model proposed by L. Cooper in his seminal paper [20] . The Hamiltonian reads:
where |k is the Cooper pair state, E k is the unperturbed energy, usually taken as equally spaced (picket fence spectrum (PF)), and V 0 is the coupling between the Cooper pair states. The coupling is the same for all the states, similarly to what happens in models with an infinite range coupling in space, with the difference that here the coupling is in momentum space. The same model, see Fig. 1 , is used to describe the Superradiance transition in a system where many levels are coupled to the same channel in the external environment [16] . The only but important difference, is that for the case of Superradiance V 0 is a pure imaginary number. In this case |k represents a single energy level or an atomic or molecular excitonic state in a specific point of the real space. For the case of Superradiance, the non-Hermitian Hamiltonian, originating from the imaginary coupling, takes into account the fact that the system can decay into the continuum but it also represents the coupling between the energy levels which modifies the spectral features of the system [21] . The limit of validity and the effectiveness of the effective non-Hermitian Hamiltonian description of the system has been investigated in Ref. [22] . In such systems a transition to Superradiance occurs above a critical coupling strength. In the Superradiant regime, when one Superradiant state acquire most of the decay width of the system, a gap opens in the complex energy plane of the non-Hermitian Hamiltonian.
Here we compare the imaginary gap present in the SES model with the real gap emerging in the discrete BCS model. We show that the Superradiance transition coincides with the opening of a gap in the complex energy plane. In the limit of large gap, the magnitute of the Superconducting gap is the same as the Superradiance gap. Nevertheless, our analytical results show that the critical coupling which determines the Superradiance transition scales differently, with the system size, from that for the Superconductivity transition.
Finally, using a perturbative approach (up to second order) for the non-Hermitian Hamiltonian, we show that such complex energy gap can protect the states from perturbations in the same way as a gap in real energy spectra. This result is consistent with several results found in literature [11, 12, 23] about the robustness of Superradiance to disorder.
II. ANALYTICAL RESULTS FOR N LEVELS
Let us consider N equally spaced levels in an energy range W , coupled between each other with a constant coupling V 0 , which can be real or imaginary. The Hamiltonian can thus be written as in Eq. (1), where for the energy we assume a PF distribution, namely
where δ = W/N is the level spacing. First, we will derive a Gap Equation [16, 20, 24] , both for the Hermitian and non-Hermitian case, which is equivalent to the Schrödinger Equation and it makes the computation of some eigenvalues much easier. For the derivation of the Gap Equation, we follow [24] , which presents a simplified version of the famous derivation by L. Cooper in his seminal paper [20] .
We want to solve the Schrödinger Equation
where |Ψ is an eigenstate of the full Hamiltonian H and it can be expanded as
where |k are eigenstates of H 0 , satisfying
Eq. (3) can be rewritten as
Then, using the expansion (4), we get
Now let us project the Eq. (7) on the state k|. Defining V kk = k|V |k we have
Now, since k|k = δ k,k and V kk = −V 0 ∀k, k we get
Defining C ≡ k a k we have
Dividing by C we finally obtain the Gap Equation
Eq. (12) has been obtained by simple linear manipulations of the Schrödinger equation, and so they are equivalent. Given the unperturbed eigenvalues E k , there are N possible values of E which satisfy Eq. (12) , which are the eigenvalues of H.
The term Gap Equation comes from the fact that it is commonly used to compute the gap between the ground state and the excited states. In the next sections we will compute the gap for the case V 0 = γ/(2N ) real (for Superconductivity) and for V 0 = iγ/(2N ) complex (for Superradiance). Note that in both cases we rescale the coupling by N as it is found in the discrete BCS model [18, 19] ). The non rescaled case can be easily deduced by substituting γ with N γ in the following results.
A. Hermitian case
Let us now consider the Hermitian case, with V 0 = γ/(2N ). Recalling that the unperturbed spectrum is given by (2), we multiply both sides of (12) by 2W/γ to have
A graphical solution of Eq. (13) Right-hand side of Gap Equation
Graphical solution of Gap Equation (13) in the Hermitian case. The all-to-all coupling here is V0 = γ/(2N ). We set N = 5.
asymptotes, corresponding to E/δ = 1, . . . , N and shown as vertical black lines. The l.h.s., shown as dashed lines, is independent on E/δ. The solutions are given by the values of E where the r.h.s. intersects the l.h.s. and they are shown by full circles in Fig. 2 . From Fig. 2 one can see that there are N = 5 solutions to Eq. (13). Those solutions represent the eigenvalues E of the full Hamiltonian (1), divided by the level spacing δ = W/N of the unperturbed levels. Moreover, one can observe that, by increasing the ratio γ/(2W ) (so to increase the all-to-all coupling), the energy gap between the ground state and the first excited state increases, too. We are here interested in computing that gap in the limit N → ∞ and keeping W = const., so that the spacing δ of the unperturbed levels tends to 0. First of all, from Fig. 2 we can see that the energy of the excited states are all positive and, in particular, the first excited state lies in the interval δ < E 2 < 2δ. This implies that only the ground state energy E 1 can be negative and that the energy of the first excited state E 2 tends to 0 when δ → 0. Now, let us focus on the energy of the ground state.
If N 1, we can take the continuum limit for the Gap Equation (12)
where N (E) = N/W is the density of states and it is constant for a PF level distribution. Then we can analytically solve the integral
noting that the above solution is valid only for E < 0. For what we stated before, the only state which satisfies this requirement is the ground state E 1 . Then we have
Now, let us recall that E 2 → 0 when N → ∞ and W does not depend on N (see [24] and the previous considerations on Fig. 2) . We can then define the Hermitian Gap between the ground state and the first excited state as
Note that the expression of the gap obtained is the same as the one obtained by L. Cooper [20] , but it is slightly different from the BCS/Richardson gap [18, 19] , which has the expression
In the limit W γ/2 both (17) and (18) are approximated as
On the other hand, when W γ/2, Eqs. (17)- (18) are respectively
so they differ by a factor of 2, but they both predict that the gap closes when γ → 0.
On increasing γ, the gap ∆ H increases as well and, for some γ = γ H cr it becomes equal to the unperturbed level spacing δ = W/N . By setting ∆ H = δ, it is easy to find that for N 1,
which defines the critical coupling at which a gap opens in the BCS model. 
where the eigenvalues are now complex,
This complex equation splits into two real equations
which have N solutions that depend on N and γ. In Fig. 3 we plot the eigenvalues (23) in the plane (E/δ, Γ/γ) for N = 6 (upper panel) and N = 7 (lower panel), as a function of γ. In particular, we plot the trajectories of the eigenvalues starting from γ = (2W/π)/10 (open circles) up to γ = 10(2W/π) (full circles). The value γ = 2W/π marks the Superradiance transition, as we will show here below. When γ is small (open circles in Fig. 3 ), the real parts of the eigenvalues are given by (2), while the imaginary part is Γ n ≈ γ/N for all eigenvalues. On increasing γ, the spacing between the real parts of the eigenvalues decreases (a phenomenon called "pole attraction") up to a critical point γ SR , where we see a different behaviour between N = 6 and N = 7. For N = 6 (upper panel of Fig. 3 ), the two eigenvalues whose real part is closer to 0 collapse to the imaginary energy axis (so that E n = 0 for both of them) when γ > γ SR . The widths of those two eigenvalues, however, have a different behaviour because one increases with γ (and we call the respective state Superradiant) while the other one decreases with γ. For γ γ SR the total decay width of the system is concentrated in the superradiant state, while the other N −1 states have a negligible decay width, and thus they are called subradiant.
For N = 7 (lower panel of Fig. 3 ) the behaviour is similar to that of N = 6 in that, on increasing γ, the real parts of the eigenvalues are attracted to each other and, for γ γ SR , the total decay width of the system is concentrated into one superradiant state. The difference here (with respect to N = 6) is that for γ > γ SR only the Superradiant state has E SR = 0, while E n = 0 for the subradiant states.
The same behaviour seen for N = 6 has been observed for all even values of N , while the behaviour observed for N = 7 has been seen for all odd values of N . In the following calculations we look for an analytical expression for the width Γ SR of the superradiant state and for the critical coupling γ SR by setting E = 0 in Eq. (24) .
Moreover, in the limit N 1 we approximate the PF spectrum (2) with a continuous energy distribution constant in the interval [−W/2, W/2], so that we can solve the second equation in (24)
from which we get the width of the superradiant state This term is crucial to determine the gap in the complex plane between the superradiant and the closest subradiant state. Note that Γ SR has to be positive, and this gives the condition of validity of Eq. (25), which is γ ≥ 2W π . Therefore the superradiant state exists only above a critical coupling strength which coincides with the so-called Superradiance transition (at γ = γ SR ), as we show below.
b. Superadiant transition and imaginary energy gap. In Ref. [16] the critical coupling at which a Superradiance transition occurs, has been computed analytically by studying the dependence of the widths of the subradiant states on γ. Indeed below the Superradiance transition the widths of the subradiant states increase with γ, while above it, they decrease with γ. From Ref. [16] we have:
Which is the same of the critical value of γ computed in the previous section. Adapting the analytical results of Ref. [16] to our case (see Appendix A for details) the decay widths of all the eigenstates below the Superradiance transition are
while the widths of the subradiant state above the Superradiance transition is
Note that the critical coupling parameter γ SR is the point where the widths (28)- (29) are non-analytical. The nonanaliticity at γ = γ SR can be estimated (see [16] for details) as Γ ∼ (ln N )/N , so that the widths of the subradiant states tend to 0 for N → ∞ for any value of γ, even for γ = γ SR . The gap in the complex energy plane can be defined as
where the distance in the complex plane between two eigenvalues is
We can use the previous analytical results given in Eq.s (28,29) to estimate such complex gap. For γ < γ SR , the widths of all the states are the same, and the distance in real energy is constant and equal to δ, where δ is the level spacing in the PF model, see Eq. (2), so that we have ∆ N H = δ and no gap is present. On the other side in the superradiant regime γ > γ SR , we can estimate ∆ N H as the distance in the complex plane between the superradiant eigenstate E SR and the closest subradiant state E sub , see Appendix for details, namely
Now, we can define the critical value γ N H cr as the value of γ at which the gap opens, i.e. by imposing ∆ NH = δ. When N → ∞ we have (E SR − E sub ) ≈ δ → 0 and Γ sub → 0 (see (29)), so that the gap ∆ NH is determined only by the decay width of the superradiant state (26),
According to the Eq. (33), a gap opens when ∆ NH > 0, which occurs at the critical value γ N H cr :
Moreover, we can approximate the gap for large γ, close to the transition and below the critical point, respectively, as
Note that for γ γ N H cr the complex energy gap of the superradiant model is identical to the real energy gap of the superconductivity model, see Eq. (19) . On the other side, in the limit of large system sizes, the critical coupling for the emergence of a gapped state goes to zero for the BCS model, while for the SES model it remains finite.
III. NUMERICAL RESULTS
Here we validate our previous analytical predictions with few numerical results.
In Fig. 4 the gap vs. γ is shown, both for the Hermitian and non-Hermitian cases, as a function of γ/γ H,N H cr for different system sizes N . For the Hermitian case we consider the gap between the ground state and the first excited state, namely
and we plot the analytical estimate (17) 
IV. IMAGINARY ENERGY GAP AND ROBUSTNESS: A NON-HERMITIAN PERTURBATIVE APPROACH
We have shown the emergence of both Hermitian and non-Hermitian gaps in the spectrum of a Picket-Fence model. While, in the Hermitian case, it is well known that a gap between the ground state and the excited states makes the first more robust to perturbations, it is not trivial that an imaginary gap has the same effect on the gapped state. Thus, here we will apply perturbation theory to non-Hermitian systems and we will show the relevance of the distance in the complex plane to robustness to perturbations. Moreover, we will confirm our general results in the case of a perturbed 2-level nonHermitian system.
Let us consider a perturbation V p to the non-Hermitian Hamiltonian H 0 , so that the total Hamiltonian of the system can be written as:
where H 0 is a generic non-Hermitian symmetric Hamiltonian. Since H 0 is non-Hermitian, its eigenfunctions are not orthogonal. First of all, let us define a non-Hermitian of the "bra", being the transpose of a ket
Since the Hamiltonian is symmetric, the left eigenfunctions ψ 0 i | are the "bra" of the right eigenfunctions |ψ
From here, the biorthogonality condition arises as
When the perturbation V p is sufficiently small, a perturbative correction of the complex eigenvalues up to second order can be derived [11] , and it has the expression
From Eq. (41) it is clear that the strength of the perturbation is determined by the ratio of two complex num-
m which is small if the difference between the eigenenergies in the complex plane is much larger than the modulus of the number z 1 . This proves that a state separated by a gap in the complex plane from the rest of the spectrum is robust to perturbations as long as the gap is large compared to the modulus of the perturbations.
As an example, let us consider a system made of two resonant sites, separated by a pure imaginary gap iγ, and perturbed with a coupling V p . The correspondent non-Hermitian Hamiltonian is
and the eigenenergies E ± of H + V p can be analytically obtained as
Now, let us consider the case when 2V p γ, i.e. the complex gap γ is much larger than the coupling V p between the sites. Under this assumption we can expand the eigenenergies (42) to obtain
The exact same result can be obtained by applying the perturbative expansion (41) and it shows that, two unperturbed complex eigenenergies having the same energy but being distant in the imaginary axis can be robust to a perturbation, as long as the distance in the complex plane is much larger than the perturbation.
V. CONCLUSIONS AND PERSPECTIVES
We have compared two paradigmatic models for Superconductivity and Superradiance, focusing on the emergence of an energy gap in the real and complex plane, respectively. We show that a gap arises also in the Superradiance model in the complex plane, and we give an analytical estimate of that gap which agrees very well with our numerical simulations. We show that the usual Superradiance transition can be interpreted as a transition to a gapped regime. Moreover in the large coupling limit the Superradiance and the Superconductivity gaps are mathematically the same, while they differ at criticality. Indeed, while the critical value for the emergence of Superconductivity depends on the system size, the critical value for the emergence of Superradiance is independent of the system size. Finally we have also shown that a gap in the complex plane can induce robustness to perturbations in the system, similarly to a gap in the real axis. This result allows to interpret the robustness of Superradiance to disorder reported in several previous publications in literature as a consequence of the presence of an imaginary energy gap. In perspective, the relevance of these energy gaps to transport and other system properties will be analyzed. From a mathematical point of view, the emergence of such gapped states can be connected with the long range nature of the interaction. Indeed both the discrete BCS model and the SES model share a distance independent coupling (all-toall coupling). The connection of a gapped state with the long range of the interaction has been already pointed out in Ref. [23] by some of the Authors of this paper and in the future it would be interesting to deepen the understanding of such connection. by defining the critical coupling
